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Abstract. We study a tracial notion of ^-absorption for simple, unital C*-algebras. 
We show that if A is a C*-algebra for which this property holds then A has almost 
unperforated Cuntz semigroup, and if in addition A is nuclear and separable we show 
this property is equivalent to having A — A® Z. We furthermore show that this 
property is preserved under forming certain crossed products by actions satisfying a 
tracial Rokhlin type property. 



1. Introduction 



The purpose of this paper is to introduce and study a property of C*-algebras which can 
be thought of as a tracial version of iJ-absorption, in a way reminiscent of the definition 
of tracially AF algebras and C*-algebras of higher tracial rank (see [14] ). There are 
several motivations for looking at this property. A property closely related to ours (the 
two coincide in certain cases) appeared as a technical step in Winter's work concerning 
^-absorption for C*-algebras of finite nuclear dimension ( [241126]) and the recent work of 
Matui-Sato on strict comparison and ^-absorption ([E]), and it may thus be profitable 
to isolate this property for further study. Additionally, this property may be easier to 
establish in certain instances, in particular when considering crossed products by an action 
which satisfies a tracial version of the Rokhlin property. Indeed, we study a generalization 
of the tracial Rokhlin property which does not require projections and show that under 
I> \ certain conditions, crossed products of tracially ^-absorbing C*-algebras by such actions 

are again tracially ^-absorbing. The Rokhlin property has been instrumental in the 
. study of group actions on C*-algebras (see [5] for a survey, [61 [T7| for the finite group 

1 case, |12| and references therein for the single automorphism case). However, the Rokhlin 

property might be harder to establish in certain cases, and might not exist in others. 
In the finite group case, the Rokhlin property is uncommon and its existence requires 
restrictive iT-theoretic constraints on the algebra and the action. While for the single 
automorphism case the Rokhlin property is much more common (and even generic in 
certain cases, see e.g. [1]), it still requires the existence of many projections, and even 
^ ■ when it might occur it could be hard to establish for concrete examples. The Rokhlin 

property has been generalized to a tracial version in |16[ I18|. although this generalization 
still requires the existence of projections. Further tracial-type generalizations in which 
the projections are replaced by positive elements were considered in [22\ [1], and we will 
study a closely related variant. We note that a different generalization which does not 
require projections has been to view the Rokhlin property as a zero-dimensional level of 
what can be called Rokhlin dimension, see [3]. 

A unital C*-algebra A is iJ- absorbing if and only if for any n 6 N, any finite subset 
F C A and for any e > there exist c.p.c. order zero maps <p : M n — > A and ip : M2 :— > A 
such that the image of any normalized matrix under <p or ifi commutes up to e with the 
elements of F, and such that V'(ei,i)v(ei,i) = il>(fi\,x) and ip( e 2,2) = ~ ^(1) ( see [S])- 
In this characterization, 1 — tp(l) must be "small" in a tracial sense. In this paper we 
introduce a property called tracial Z-absorption which basically amounts to dropping the 
requirement for an order zero map from M2 into A and instead asking that 1 — 93(1) is 
arbitrarily small in the sense of Cuntz comparison (see Definition 12. ip . We show that 
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tracially ^-absorbing C*-algebras have almost imperforated Cuntz semigroups. This 
generalizes results of R0rdam in [20] concerning ^-absorption. We then use ideas from 
[15] to show that tracial Z-absorption implies Z absorption for simple, unital, separable, 
nuclear C*-algebras. 

The paper is organized as follows. In section[2]we define tracial -Z-absorption, establish 
notation, and prove some basic properties. Section is devoted to showing that tracially 
iJ-absorbing C*-algebras have almost unperforated Cuntz semigroup (and thus strict 
comparison). In section [J] we use this together with the techniques of Matui and Sato 
to show that a simple, unital, separable, nuclear tracially ^-absorbing C*-algebra is in 
fact ^-absorbing. In section \5\ we define a projectionless version of the tracial Rokhlin 
property for finite group actions and we show that tracial ^-absorption passes to crossed 
products under such actions. In section [6] we introduce a similar Rokhlin type property 
for automorphisms (i.e. integer actions), closely related to the one considered by Sato 
in [22], and prove that tracial ^-absorption is preserved by crossed products by such 
automorphisms, assuming that some power of the automorphism acts trivially on the 
tracial state space. This technical assumption holds automatically in many cases (e.g. 
if some power of the automorphism is approximately inner or if the algebra has finitely 
many extreme traces). 

2. Basic properties of tracially ^-absorbing algebras 

Definition 2.1. We say that a unital C*-algebra A is tracially Z-absorbing if A % C 
and for any finite set F C A, £ > and non-zero positive element a £ A and n G N there 
is an order zero contraction tp : M n —> A such that the following hold: 

(1) 1-^(1)^ a. 

(2) For any normalized element x G M n and any y G F we have ||[^(x),y]|| < e. 

Proposition 2.2. Let A be a simple unital C* -algebra. If A is Z-absorbing then A is 
tracially Z-absorbing. 

Proof. First assume A is stably finite. By [20] we know that A has strict comparison. 
Let a,e,n,F be given as in definition 12.11 Since A is simple there exist £ G N and 
ci j . . . , C£ G A such that 

i 

^2c* k ac k = 1. 

k=l 

This clearly implies that d T {a) > l/£ for all r e T(A). Let m be some number such 
that m > i and n divides m. Since A is ^-absorbing there is a unital homomorphism 
t() : 2 m , m+ i — > A such that for any normalized element x G i? m ,m+i and for any y G F we 
have 

\mx),y]\\<e. 

By [21] we have a c.p.c. order zero map (p : M m — > x G Z mtm+ i such that 

l-^(l)^^(ei,i). 

Let tp = if) o (p : M m — > A. For any r G T(A) we have that 

dr(l - p{l)) < d T {<p{e 1A )) < 1/m < d T (a) 

which entails that 1 — <p(l) ^ a. Since M n embeds unitally into M m we restrict tp to 
obtain the map we are looking for. 

If A is not stably finite then, by [20J, A is purely infinite. Set m = n and continue as 
before. The condition 1 — 93(1) ^ a is automatically satisfied. □ 
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Lemma 2.3. Let A be a simple, unital, non type I C* -algebra and let n G N. For every 
non-zero positive element a G M n (A) there exists a non-zero positive element b £ A such 
that a ^3 1 (g) b. 

Proof. Since a is positive and non-zero, there exists i such that (en ® ^A) a ( e U ® L4.) 7^ 0. 
Assume without loss of generality that i = 1. Furthermore, by replacing a with the 
element (ei i <8> l^.)a(ei i (8) 1.x) we may assume that a is of the form e\ t \ ® c for some 
nonzero positive c G A. 

Note that both „4 and cAc have a strictly positive element and hence, by Brown's 
theorem, we have that cAc is stably isomorphic to A, this implies that the former is 
a simple, infinite dimensional, C*-algebra not isomorphic to the compact operators. In 
particular cAc is non-type /. Therefore, by Proposition 4.10 of [10] there is an injective 
homomorphism 9 : CM n — > cAc. Let z G Co((0, 1]) denote the identity function. Using 
the picture CM n = Co((0, 1]) ® M n we denote h = Q(z ® 1) and b = 9(z £S> e^i). Observe 
that ei 5 i ® /i ~ 1 <g> b in M n (.A). Consequently we have that a £3 1 <g> 6 as needed. □ 

Lemma 2.4. Lei A be a simple unital C* -algebra. If A is tracially Z-absorbing then so 
is M n (A) for any n. 

Proof. It is clear that M n (A) = M n A satisfies the conditions of definition 12.11 provided 
the positive element a is of the form 1 ® b, b G A. Thus, it suffices to show that every 
non-zero positive element a G M n (A) Cuntz-dominates a non-zero positive element of the 
form 10 b. But this follows from the previous lemma. □ 

Notation 2.5. Let A be a separable C*-algebra. We denote 

Aoo = J^J Aj A 

N N 

We view A as embedded into A^ as equivalence classes of constant sequences and we 
denote by 

the relative commutant of A in . 

The following result can help simplify proofs. 

Lemma 2.6. Let A be a separable, unital C* -algebra. If A is tracially Z-absorbing then 
for any n G N and any positive contraction a G A there exists a c.p.c. order zero map 
ip : M n — > Aqo H A' such that 1^ — (p(l) ^ a in Aoo- 

Proof. Let (b^^N ^ A be a dense sequence and denote = {b\, . . . , For each k G N 
find a c.p.c. order zero map : M n — > A such that 1 — V'fc(l) ^ a and || [ip(x), y]\\ < \ 
for all normalized x G M n and for all y £ F^. Let 93 be the composition of the map 

M n ^J[A 

N 

with the quotient map into .Aoo. It is easy to see that (p has the desired properties. □ 

The following is a straightforward use of the functional calculus: 

Notation 2.7. Let ip : F — > A be an order zero c.p.c. map, where F is finite dimensional. 
Denote h = p(l). Recall from [27J, Theorem 1.2 that there is a homomorphism tt : F — > 
A** n {h}' such that p(x) = n(x)h where h = <p{l). 
If / G C ((0, 1]), we denote by 

m 

the c.p. order zero map given by 

f[<p](x)=7T(x)f(h). 
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If / is the square root function, we may use the notation yqV] for f[ip]. 

For a c.p.c. map ip : F — > A from a finite dimensional algebra F, and an element b £ A, 
we write 

Ml <e 

to mean ||[<^(x), b][| < e for all normalized elements x £ M n . If X C A is some subset, we 
shall use the notation 

II Mil <£ 

to mean \\[ip, b}\\ < e for all b £ X. 

Lemma 2.8. For any f £ Co((0, 1]) and any e > i/iere is an rj > such that whenever 
(p : M n —> A is a c.p.c. order zero map and b is a contraction satisfying \\[<p,b]\\ < n, we 
have that \\[f[(p],b]\\ < e. 

Proof. Let / and e as above be given. We can find g £ Cb((0, 1]) such that \\gz — f\\ < § 
where z is the identity function on (0,1]. Find rj > such that ||[a,6]|| < rj implies 
|| [g(a), 6] || < | for any normalized elements a,b £ A with a positive (this is easily done by 
approximating g uniformly by polynomials). We may of course assume that rj < |. Let 
cp : M n — > A be a c.p.c. order zero map and b £ A a contraction such that \\[ip, b]\\ < rj. 
Let 7r, /i be as in the notation above. For any normalized x £ M n we have the following: 

f[<p](x)b = TT(x)f(h)b 

~ £ /3 n(x)hg(h)b 

= v{x)g{h)b 

~e/3 bp(x)g(h) 

~ £ /3 &/M(^)- 

□ 

We will also be needing a slight variation of this previous lemma. We omit the proof 
since it is essentially the same as that of the preceding lemma. 

Lemma 2.9. For any f £ Co((0, 1]) and any e > there is an n > such that whenever 
ip : M n —> A is a c.p.c. order zero map and a £ Aut(A) is an automorphism satisfying 
\\a(tp(x)) — (f(x)\\ < n for all normalized elements x £ M n , we have that || a (/[<£>] (a;)) — 
(/p(x)|| < e for all normalized x £ M n . 

3. Almost Unperforation of tracially Z-absorbing C*-algebras 

In this section we will prove that tracially ^-absorbing C*-algebras have almost un- 
perforated Cuntz semigroup and therefore strict comparison. The proof mixes ideas from 
|19| and |20] with ideas originating from the study of tracially AF algebras (|14|). 

Recall that a positive element a £ A is called purely positive if a is not Cuntz-equivalent 
to a projection. This is equivalent to saying that is an accumulation point of o~(a). 

Lemma 3.1. Let A be a simple non type I C* -algebra. For any projection p £ A and 
k > there is a purely positive element a < p such that (k — 1) (p) < k{a) . 

Proof. Since A is simple and non type I, the algebra B = pAp is also non type I (as 
in the proof of Lemma 12. 4|) . Hence, by Proposition 4.10 of |10j there is an injective 
homomorphism 8 : CM/% — > B. Let z denote the identity function on (0, 1] and let 
q = 6 (en <g) z). Let a = p — c\. It is clear by functional calculus that a is purely positive. 
Additionally, we have that k (a) is represented by (g> a £ (g> B, and notice that 

k 

l k ® a > (lfc — en) <g> a + en <g> ^ c;. 

i=2 



T RACIALLY 2- ABSORBING C*-ALGEBRAS 



5 



The Cuntz class of the right hand side is {k — 1) (a) + (k — 1) (ci), which dominates 
(fc-l)(o + ci) = (k-l)( P ). ^ □ 

Lemma 3.2. Let A be a unital tracially Z -absorbing C* -algebra. If a,b E A such that 
k{a) <k (b) in W(A) for some k E N and b is purely positive then a ^b. 

Proof. Fix e > 0. Without loss of generality we may assume that ||a|| = ||6|| = 1. We 
choose c = (cij) E Mk(A) and 5 > such that c [(b — 5), lk] c* = (a — e) , (g) 1^. Let 
/ E Co((0, 1]) be a non-negative function such that / = on (5/2, 1], / > on (0, 5/2) 
and ll/H = 1 and denote d = f(b). Note that d ^ because 6 is purely positive. We now 
fix /i > 0. We shall find z E A such that |p [(6 — 5) + + d] z* — (a — e) + || < /U. Since is 
arbitrary this will show that (a — e) , ^ (b — 6),+d ^ 6. By replacing each with Cijq{b) 
for some function g E Co((0, 1]) that vanishes on (0, 5/2] and q = 1 on [5, 1] we may assume 
that Cijd = 0. Note that after doing this we still have c [(& — 5), ® l] c* = (o — e) , ® 
which yields 



E«(»-i) + 4={ ( °7 )+ ! !:j 



Let g,h £ C ((0, 1]) be defined by 



We observe that those functions satisfy the following. 

(2) \ g (tft-t\<^ \-h{t)=y/l=t 

o 

in the algebra Co((0, 1]). 

Find a c.p.c order zero map ip : —> A such that 1 — f(l) ^ (i and || [tp, F] \\ < rj where 
F = {(a — e) , , (b — U {cjj}, and where rj > is chosen using Lemma 12.81 such that 

\M<P],*]\\ < \\lVW],F]\\ < g^a, ll[%]^]ll < f • 

Let ai = v?(l) (a — e) , . Denote r = 1 — tp(l) and set a2 = r 1 / 2 (a — e) , r 1 / 2 . We have 



|| (o-e) + -(ai + 02)|| < | 

since r 1 / 2 = 1 — /i[<^](l). We denote gij = g ([(f]){eij). We now define c\j = V^](l)fl l yCy 
and c = Ei,i=i%- 
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Our goal is to first show that ||c (b — 5), c* — a\ \\ < ^: 

k 

C(b- S) + C* = d iJ ( b - 6 )+ d m£ 

i,j,m,£=l 

= V / M( 1 ) Y SijCij (b - S) + c* mi g em J VMi 1 ) 

\i,j,m,£=l J 

k 

~m/6 9ij9emCij (b - 5) + c* mt 

i,j,m,£=l 

k 

i,j,m=l 

k k 

= ( ^(1)5M(1) Y 9imY Ci i( b ~ 6 )+ C *mj 
i,m=l j=l 

k 

1=1 

= ip(l)g 2 [tp](l)(a-e) + 
= ai 

where the first approximation is due to our choice of rj and the second follows from ([2]). 

We now deal with 02- Since ai ^ r ^ d, we may find s S A such that \\sds* — 0,2 1 1 < 
Furthermore, by replacing s with sp(b) where p € Co([0, 1]) is some function that is 1 on 
[0, 8/2] and vanishes on [5, 1], we may assume that s (b — 5) + = 0. We take z = c + s and 
calculate: 

\\z [(b - 5) + + d]z* - (a- e) + || = \\c(b - 5) + c* + sds* - (a - e) + || 

< ||c (b — 5), c* — ai\\ + \\sds* — 0-2 [| + Ui + «2 — — £ )+|| < A 4 - 

Since this holds for every fi > we have that (a — e) , ^ 6. Finally, since e is arbitrary, 
we have a ^ b. □ 

Theorem 3.3. Let A be a simple unital C* -algebra. If A is tracially Z-absorbing then 
W(A) is almost unperforated, and therefore A has strict comparison. 

Proof. Let a,b S M n (A)+ such that A; (a) < (k — 1) (6) for some k. We want to show 
that (a) < (fe). Since M n (.A) is also tracially ^-absorbing, we may assume without loss of 
generality that a,b £ A. If b is purely positive then we are through because in particular 
k (a) < k (b) and now we can apply lemma E2J 

If b is not purely positive then b is Cuntz equivalent to a projection p E A and then 
by lemma [3TT1 we may find a purely positive element b' £ A such that (k — 1) (p) < k (b 1 ) 
and b' < p. We may now apply lemma 13.21 to get a^6'<p~6 □ 

4. Tracial Z absorption and Z-absorption in the nuclear case 

The main result of this section is the following theorem. 

Theorem 4.1. Let A be a simple, separable, unital, nuclear C* -algebra. If A is tracially 
Z-absorbing then A = A® Z . 

The following theorem is a minor modification of results from |15| . 
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Theorem 4.2. Let A be a unital, separable, simple, nuclear C* -algebra such that A has 
strict comparison, T(A) ^ 0, and the following condition holds: 

For any k G N there exists a c.p.c. order zero map ip : — > Aoc H A' and a 
representative 

(Cn)neN G Y\ A 
neN 

of ij){e\,i) G ^loo suc/i £/ia£ c n G .4 is a positive contraction for all n and 



lim max |r(c™) -l/k\= 0. 



Then A = A® Z. 



Proof. The proof of (ii) => (m) of Theorem 1.1 of |15] now shows any c.p. map (p : A — > A 
can be excised in small central sequences (See Definition 2.1 of [IS]). For this step we 
have used the hypothesis of the theorem and the fact that T(A) ^ in order to apply 
Proposition 2.2 of [TS]. This implies that A has property (SI). Now the proof of (iv) => (i) 
of Theorem 1.1 of [15] shows that A is Z absorbing. For this we have once again used 
the hypothesis of the theorem instead of Lemma 3.3 of [15]. □ 

Lemma 4.3. Let A be a simple, separable, stably finite, unital C* -algebra. If A is tracially 
Z-absorbing then for any n there exists a positive contraction c G A such that c ^ and 
d T (c) <l/n for all r G T(A). 

Proof. Let a G A be some non-zero positive element that is not Cuntz equivalent to 1. 
Such an element exists because A is stably finite and not isomorphic to C. Take a c.p.c 
order zero map <p : M n — > A such that 1 — <p(l) ^ a. By our assumption on a we know 
that ip ^ 0. We define c = ip(ei t \) and we are done. □ 

Lemma 4.4. Let A be a simple, separable, stably finite, unital C* -algebra. If A is 
tracially Z-absorbing then for any k G N ; we can find a sequence of c.p.c. order zero 
maps (p n : M/% — > A such that 

(1) lim max WUp n {e\ \) m ) — l/fc| = for all m G N. 

n-^oo T £T(A) 

(2) lim || [a, c/? n (x)]|| = for all a £ A and for all x G 

n— >oo 

Proof. Using lemma FOl we can find a sequence of non-zero positive contractions c n G A 
such that 

lim max d T (c n ) = 0. 

n->oo reT(A) 

Let (a n ) £ N Q A be a dense sequence. We will denote F n = {a\, . . . , a n }. For each n we 
can now find a c.p.c. order zero map <p n : M& — > A such that 

||[F n ,v3 n ]|| < l/n 

and 

Clearly property ([2]) holds, so it remains to see that the maps ip n satisfy (P). It is clear 
that that r(</? n (ei j i) m ) = T(ip n (ei ) i) m ) for any trace r, so it suffices to show that 

/ k \ / k \ 



1 - max r V^e^)" 1 = min r 1 - V^„(e M ) m — ► 0. 

rer(^t) I £^ y reT(^4) \ ~t / n ~ > ' 00 

We claim that 

l-^ n (e M ) m ~ l-Vn(l) 



1=1 
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for all n. To see this, fix n, and note that by functional calculus we have a homomorphism 
7T : C([0, 1]) -»■ A given by 

tt(/) = /(^ n (l)). 

Letting z denote the identity function on [0, 1], a simple calculation yields: 

k 

tt(1 - z m ) = 1 - Y, Vn(ei,i) m , 7T(1 - Z) = 1 - ^n(l) 

i=l 

Since homomorphisms of C*-algebras induce maps on the level of the Cuntz semigroup, 
our claim now follows from the simple fact that 1 — z m ~ 1 — z in C([0, 1]). 
We thus have 

= ^(1-^(1)) 
< d T (c n ) 

and since lim max d T {c n ) = 0, we have that ([1]) holds. □ 

Proof of theorem \4.1\ By theorem 13.31 we know that .A has strict comparison. Thus, if A 
is traceless then .A is purely infinite. By Kirchberg's Oqq absorption theorem A = A®Ooo 
so by [25] we are done. 

Let us then assume that T{A) ^ 0. This implies that A is stably finite so the conclusion 
of lemma S3] holds. We now apply Theorem 14.21 to complete the proof. □ 

5. Finite group actions 

We begin this section with a general lemma that we will need in this section and the 
following. We will only use it for actions of finite groups or of the integers. 

Lemma 5.1. Let a : G — > Aut(A) be an action of a discrete group G on a simple, 
unital C* -algebra A. Suppose that a g is outer for all g E G \ {1}. Then for every non- 
zero positive element a £ A x ar G in the reduced crossed product there exists a non-zero 
positive element b £ A such that b ^ a. 

Proof. Let E : A x Qr G — > A be the canonical faithful conditional expectation. By 
replacing a with ||£'(a)||~ 1 a we may assume that ||£/(a)|| = 1. We can find a finite sum 
a ' = Ylk=i a k u gk E Axi a G such that \\a — a'\\ < | where u g is the canonical unitary 
implementing a g for g € G. We can assume that a' is positive and non-zero, and we label 
the indices such that g\ = Iq- Note that a\ is a non-zero positive element in A because 
a\ = E(a'). Since E is a contractive map, we have 

„ n 1 2 

ai > 1 - - = -. 

ii hi - 33 

Let < e < 37^q?n • By Lemma 3.2 of [IT] we can find a positive element x E A with 
\\x\\ = 1 such that 

2 

||xaix|| > ||ai|| —£>- — £, ||xa 9fc a gfe (x)|| < e, VA; ^ 1. 

This implies that for k ^ 1 we have 

ll Xa 3fc U 3fc X ll = \\ xa 9k a gk ( X ) U 9k II = ll xa 3fc a 9fc( a ')ll < £ - 

We deduce that \\xa'x — xoix[| < ne and thus 

1 

\\xax — xaix\\ < ne + -. 
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Let b = (xa\x — (ne + |))+, note that b is a non-zero positive element by choice of e and 
we have 

b 3 xax 3 « 

where the first Cuntz sub equivalence follows from [19], Proposition 2.2. □ 

Definition 5.2. If a : G — > Aut(^4.) is an action of a finite group G on a simple, unital 
C*-algebra A, then a is said to have the generalized tracial Rokhlin property if for any 
e > 0, any finite subset F Q A, and any non-zero positive element a £ A there exist 
normalized positive contractions {e 9 } gg G C A such that: 

(1) e 9 _L e g when g ^ h. 

(2) l-E 9eG %^«- 

(3) ||[e 9 ,y]|| < e forall 5 GG,yGF 

(4) ||o; g (e fo ) - e gh \\ < e for all g,h £ G 

We first collect a few basic properties of such actions. 

Proposition 5.3. Let a : G — > Aut(_4) be an action of a finite group G on a simple, 
unital C* -algebra A. If a has the generalized tracial Rokhlin property then a g is outer for 
allgeG\{l}. 

Proof. Let g £ G and assume that a g = Ad(n) for some u £ A. Let {e g } g€ c be elements 
as in definition 15.21 taking e = 1/2, a = 1_4, and F = {u}. We have 

1 = || e! - e g \\ 

ii * n 1 
< \\ueiu — e g \\ + - 

„ / N „ 1 

= \\<Xg{.ei) - e g \\ + - 



2 



1 1 

<2 + 2 



= 1 

which is a contradiction. □ 

The following corollary is immediate from the last proposition together with Theorem 
3.1 of p]. 

Corollary 5.4. Let a : G — > Aut(.4) be an action of a finite group G on a simple, unital 
C* -algebra A. If a has the generalized tracial Rokhlin property then A x a G is simple. 

Lemma 5.5. Let A be a simple, separable, unital tracially Z -absorbing C* -algebra and 
let a : G —> Aut(^l) be an action of a finite group G on A. Assume that a has the 
generalized tracial Rokhlin property. Then for any finite set F C A, e > and non-zero 
positive element a £ A and n £ N there is a c.p.c. order zero map : M n — > A such that: 

(1) 1 c(\)<a. 

(2) For any normalized element x G M n and any y G F we have \\ [ip{x), y] \\ < e. 

(3) For any normalized element x G M n and any g G G we have \\a g (ip{x)) —ip{x)\\ < 
e. 

Proof. Let F,a,e,n be given as in the statement of the lemma. Since A is simple and 
unital, we can find c > such that d T (a) > c for all r G ^(^l). Use lemma [4T31 to find a 
positive element b G A such that d T (b) < \ G \ +2 f° r an r £ T(A). Since r o a g is also a 
trace, we have that 

(3) d T {a g {b)) < 

for all g G G and r G T{A). 
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h(x) 



Let r] > be as in Lemma 12.81 such that [| [h[ip], y] || < e/2 whenever ip : — > A is a 
c.p.c order zero map and y S A is a contraction such that || [-0, y] || < t] where h G Co((0, 1]) 
is given by 

(2t, £ < 1/2 
\l, t>l/2' 
Let (e g )g£c be positive contractions such that 

(1) || [e s , y]\\ < r] for all ^ G G and for all y £ F. 

(2) ||a 9 (e h ) - e 5h || < 

(3) l-E seG e 9 ^6 

as guaranteed by the generalized tracial Rokhlin property. 

By lemma 12.61 we can find a c.p.c. order zero map ip : M n — > Aoo H .4.' such that 
1 — </?(l) ^ 6. We denote by a g the automorphism of „4oo induced by a g , and define 
$ : M n -> Ax, by 

^0*0 = E^M^))- 

9 eG 

is clearly an order zero c.p.c. map. 

First we remark that .Aoo H A.' is invariant under a. Thus we have 

= E e 9 a 9(^( x ))y ~»7 E y e 9 a 9( l p( x )) = y^( x ) 

geG geG 

for all y £ F. This is the first property we will be needing. 
We now consider 6t g {ip{x)) for normalized x E M n : 



a g (ip(x)) = a g I ^2 

\heG 



e h a h ((p(x)) 
heG J 

~e/2 E e ghUgh{<p{x)) 
heG 

g&G 

The third and last property we will be needing of ip is: 

1-^(1)= !-E e s + (E^-to 

V 9&G J \ g eG 



1/2 

geG / S 6G 

where the last Cuntz-subequevalence follows from @ and Theorem 13.31 By Propo- 
sition 2.4, we can find v G A,oo such that v*au = (1 — — l/4) + . 

We now use liftability of order zero maps with finite dimensional domains to lift ip to 
a sequence of order zero maps : Mk —> A. Let (vi)^^ £ J|n A. be a representative of 
f . We have 

\\ v * ave _(i_^(i)_ i/4)+||^0. 

The properties of ^ that we have established imply that for £ N large enough, the 
following properties hold: 
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(1) m io ,y]\\<V for ally eK, 

(2) ||a 9 (V>4,( x )) ~~ ^o( x )ll < V ^ or an normalized elements x G Mfc, 

(3) [l^a^ - (1 - ^o(l) " 1/4)+ 1| < 1/4, 

By proposition 2.2 of [19], the third property above implies that 

(1 - ^o(l) - 1/2)+ = ((1 - ^o(l) " 1/4)+ - 1/4)+ 3 <a^ ^ a. 
Define ip = h[ip£ ]. By functional calculus, one checks that 

1-^(1) =2(1-^(1) -1/2)+ 

which gives 

1-^(1) 2 a. 

Property ([2]) above together with 12.91 ensures that \\a g (ip(x)) — tp(x)\\ < e/2 < e for all 
normalized x G and g £ G. This shows that ^ meets our requirements. □ 

We are now ready to prove the main theorem of this section. 

Theorem 5.6. Let A be a simple unital C* -algebra and let a : G — >■ Aut(^4) be an action 
of a finite group on A. Assume that a has the generalized tracial Rokhlin property. If A 
is tracially Z-absorbing then C*(A,a,G) is also tracially Z-absorbing. 

Proof. Lemma [5.51 implies that we can always find c.p.c. order zero maps as in Definition 
12.11 provided that the positive element a is taken from A. By Lemma 15. II we may always 
assume without loss of generality that a € A (otherwise replace it by a non-zero positive 
element from A which it dominates). □ 

Putting together Theorems 14.11 and 15.61 we obtain the following partial generalization 
of Corollary 2.4 of [2]. 

Corollary 5.7. Let A be a simple, separable, unital, nuclear C* -algebra and let a : G —> 
Aut(^4) be an action of a finite group G with the generalized tracial Rokhlin property. If 
A is Z absorbing then so is A x Q G. 

As a non-trivial example of an action satisfying the generalized tracial Rokhlin property, 
we consider the symmetric group acting by permutation on the ra-fold tensor power of Z. 
This example was studied in [3], Corollary 15.71 gives a different proof of those results. 

We recall the following special case of [20] Theorem 2.1 (which originates in the paper 
of Jiang and Su in [9]). 

Theorem 5.8. Let r denote the unique tracial state on Z. There exists a unital embedding 
tp : C([0, 1]) -> Z such that 

rW)) = [ f(t)dt 
Jo 

Corollary 5.9. Let r denote the unique tracial state on Z, let F C Z be a finite subset, 
and let e > 0. There exists a unital embedding ij) : C([0, 1]) — > Z such that 

r(W))= C f{t)dt 
Jo 

and \\[y,ip{f)]\\ < £ for all y G F and normalized f G C([0, 1]). 

Proof. We may assume that all elements of F are of norm at most 1. Now, we may 
decompose Z as Z = Z (g> Z such that each element y G F is close to within e/2 to an 
element y' in the unit ball of Z ® 1. Now choose a unital embedding tpQ : C([0, 1]) — > Z 
as in Theorem Define ip : C([0, 1]) -)• Z <g> Z ^ Z by ip(f) = 10 ^o(/)- V> clearly 
satisfies the commutation requirement, and since the restriction of the unique trace r on 
Z ® Z to the second component 1 g) Z is the unique trace on that C*-algebra, we see that 
t(V>(/ )) is indeed given by integrating / against Lebesgue measure, as required. □ 
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Example 5.10. Let G = S n be the symmetric group on the set {l,...,n}, and let 
A = Z® n = Z. Let a : G — > Aut(«4) be the action defined on elementary tensors by the 
formula 

a a (zi ®---®Zn) = ® • • • <g> z a -i^ 

Let e,F,a be as in Definition 15.21 We denote 5 = d T (a) where r is the unique trace on 
A. Let 

fieC([0,l] n ) 

be a continuous function of norm one, such that: 

(1) f\ is supported on the set X := {(iCi, . . . ,x n ) G [0, l] n | x\ < . . . < x n }, 

(2) \({x G X | f id (x) ± 1}) < £ 

where A is Lebesgue measure on [0, l] n . For <t G G we now define / CT G C([0, l] n ) by 

/ CT (xi, . . . ,X n ) = fl(x a (i),...,X a( n)) 

The f a are pairwise orthogonal and sum up to an element of norm 1 that equals 1 on a 
subset of [0, l] n of measure larger than 1 — 5. 

Our next step will be to define an embedding of C([0, 1]™) into A. We may assume that 

the finite set F consists of elementary tensors. Denote F = {zj ® • • • <g> }iei where I 
is some finite index set. For k = 1, . . . ,n we take unital embeddings V'fc : C([0; 1]) ~~ ^ 
such that 

r(^ fe (g)) = / s(t)dt 

JO 

and jV'JfeG?)]!! < e ~ f° r all i € I and normalized 5 G C([0, 1]). Using the identification 
C([0, l] n ) = C([0, l])® n we define V : C([0, -)• .4 by 

^(51 ® • • • <8> 9n) = ^l(5l) <B) ■ ■ ■ <B) ^n(5n) 

We define e CT = ip(f a )- Clearly we have that ||[e CT ,2/]|| < e for all y £ F. It is also not hard 
to see that 

t(V>(/)) = / fdX 
J[o,i] n 

for any / G C([0, l] n ) which implies that for the elements e a = ip(f a ) we have d T (l — 
^ ffgG e ff ) < 5. Since A has strict comparison and r is the only trace on A this entails 

6. Actions of Z 

Definition 6.1. Let a be an automorphism of a simple, unital C*-algebra .A. We say 
that a has the generalized tracial Rokhlin property if for any finite set F C. A, any e > 0, 
and G N, and any non-zero positive element a £ A there exist normalized orthogonal 
positive contractions e%, . . . , e& £i such that the following holds: 

(1) 1 " Eli 3 a- 

(2) || [ei,y]\\ < e for all i and for all y G F 

(3) ||a(ej) — ej + i|| < e for all 1 < i < n — 1. 

Note that in the definition we do not require that a(e&) be close to ej. 

Notation 6.2. Elements e%, . . . , e& as in Definition 16.11 are said to satisfy the relations 
TZ{k,£,a,F). 

We begin as we did in the previous section with some basic properties. 

Proposition 6.3. Let A be a simple, unital C* -algebra and let a G Aut(^4) have the 
generalized tracial Rokhlin property. Then a m is outer for all m G Z\ {0}. 
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Proof. Suppose a m is implemented by some unitary u G A. Let ex, . . . , e m +i £ i be 
elements satisfying 7£(m + 1, 2tt h-2 1 { u i)- We nave 

1 = || ex - e m+ i|| 

1 

< \\ueiu - e m+ i\\ + 



2m + 2 
a m (ei)-e m+1 || + 2^_ 



1 1 

< r + 



2 2m + 2 
< 1 



□ 



Corollary 6.4. Let a G Aut(.A) 6e an automorphism on a simple, unital C* -algebra A. 
If a has the generalized tracial Rokhlin property then Ay± a 7L is simple. 

Proof. Immediate from Theorem 3.1 of □ 

Lemma 6.5. Let A be a simple, separable, unital, C* -algebra and let a G Aut(A) be an 
automorphism with the generalized tracial Rokhlin property. Recall that a acts naturally 
on T(A) via r \- > r o a. Assume that there exists m G N such that the action of a m 
on T(A) is trivial. Then for any c > there exist ko G N ; such that whenever k > k^, 

< e < r, b G .4+ satisfies k(b) < (1), F C A is some finite subset and ex, . . . , e& G A 
are elements satisfying the relations lZ(k, e,b, F) then d T (ei) < c for all r G T(A) and for 
all i. 

Proof. Choose ko such that 5jp < c. Let fc, e > 0, b G .4+ be as in the statement of 
the lemma and let ex, ■ ■ ■ ,e& be elements satisfying TZ(k,e,b, F). We partition the set 

1 = {1, . . . , k} into m sets 

771 

where Ij = I n (j + mZ). We have that 

||a m (ei) - e i+m || < me 

which implies that 

(a m (ei) - me) + = a m {(ei - me) + ) ^ e i+m 
whenever 1 < i < k — m. Since a m acts trivially on T(A), this entails that 

d T ((ei - me)+) < d T (e i+m ) 
for all 1 < i < k — m. Similarly we have that 

d T ((ei - me) + ) < d r (ej_ m ) 
whenever m + 1 < i < k. By iterating this argument we get that 

d T {(ei - ke) + ) < d T (e,/) 



for all 1 < j < m and for all G Ij. Note that \Ij\ < |"^"| for all j. This implies that, 

dr((ei - *!£)+) <-J-^ drfe/) < ^r(l) < |- 



if i G we have 
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Denote r\ = ke and let g, f G Cb((0, 1]) be denned by 

0, t<T] 




Notice that g(x) ~ [x — 77)+ for all x G ^4+. Together with the previous observations this 
implies that 

d T {g(ei)) < - 

for all i and for all r G T(^4). Now define another function h G Co((0, 1]) by 



fc(t)3(l-t)h(t)3=7»(t)(l-t)=/(t), 



/l(t) 

We have that 
thus 

^(ei)a(l - ei)h(ei)2 = /(e 4 ) 
for all 2. Since is orthogonal to ej for i ^ j, this implies that 

/i(ei)3 ^1 - Y^ej j /i(ei)i = /(ei) 

entailing that 

k 

for all i. Finally we have that 

e-i = /(ei) +g(ei) 
^f{ei)@g{ei) 
^b®g{ei) 

In particular we have 

d r (ei) < d T (b) + d T (g(ei)) < c 

□ 

Lemma 6.6. Let A be a simple, separable, unital, tracially Z -absorbing C* -algebra and 
let a G Aut(^4) be an automorphism with the generalized tracial Rokhlin property. If a m 
acts trivially on T(A) for some m, then for any finite set F C A, e > and non-zero 
positive element a £ A and n G N there is a c.p.c. order zero map ip : M n — > A such that: 

(1) 1-^(1)3 a. 

(2) For any normalized element x G M n and any y G F we have \\[tp(x),y]\\ < e. 

(3) For any normalized element x G M n we have \\ot{ip{x)) — i^{x)\\ < e. 

Proof. Let F, e, a, n be given as in the statement of the lemma. We assume throughout 
that e < 1. As in the proof of Lemma 15,51 we can find c > such that d T (a) > c for 

all r G T(A). Let M G N be such that < f. Denote d = ^M+l- % Lemma 1631 

we can find ko such that whenever k > ko, < 5 < \, b G A+ with k(b) < (1), K C. A 
is some finite subset, and ei,...,e& G .4+ are elements satisfying TZ(k,5,b,K) then we 
have d T (ei) < d for all i and for all r G T(^4). We may furthermore assume ko > 2M. 
Use Lemma 14.31 to find a positive element b G A such that <i T (6) < min{^, ^fy} for all 

t G T(A). Choose k > k and choose 5 > such that (2/c 2 <5 + k5 2 + jj)^ < f- In 
particular 5 < r-Let = {a~ % (y) \ y G F, 1 < i < k} 
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Let ei, . . . , ejt £ .4 be elements satisfying TZ(k, 5, b, K). We now modify the elements 
to obtain new elements fi as follows: 



M < i < k - M 
1 < i < M 
^e*, k-M<i<k 



By Lemma 12.61 we can find a c.p.c. order zero map ip : M n — >■ ^Iqo n A' such that 
1 - ~ & - We define $ : M n Axd by 

it 

^(x) = ^/^Mx)). 
1=1 

ij) is clearly a c.p.c. order zero map. Our first goal is now to find a nice bound on 
— a(V>(:r))|| for normalized x £ M n . First, note that ||a(/j) — /i+i|| < ^ for all 
i < k and also ||/i||, < -h- Now assume i ^ j, we have 

||(a(./i) - /i+i)(a(/,) - / i+1 )|| = ||-a(/i)/ i+ i - /i+iaC/.OH 

< ||a(ei)ej + i[| + ||e i+ ia;(e.;)|| 

< ll e j+i e j+i|| + ll e j+i e j+i|| + 2 <5 
= 25. 

We use this estimate to obtain that for normalized x £ M n 



'k-\ 



k-1 



vi=l 



i=l 



fc-i 

^(a(/,)-/m)« m M^)) 



i=l 



< 



53 (aCA) - - / i+ i)a m (<^)K' +1 (^)) 



l<ij<fc-l 



+ 



fc-1 



^(«(/ i )-/ i+1 ) 2 (a i + 1 (¥'(x))) J 



i=l 



< 2k 2 5 + k5 2 + — . 

M 



Now we are ready to consider the expression we are interested in. Let x E M n be a 
normalized element. We have 

/fc-1 \ fc-i 

a PT^X*)) - 53/ m a i+1 Mx)) 



\a{^{x))-^{x)\\ < 



vi=l / i=l 

.-.fc/ 



+ ||/ 1 a( ¥ ,(l))|| + «(/ fc a^(l))) 

1/2 

.1/ / ' M 
2 



< ( 2k 2 5 + k5 2 + — ) + 



< 2^,5 + + 



M 



+ 



M 



< e. 
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Next, we claim that 1 — V>(1) ^ a - To see this, first note that 

/ k \ fc-Af 



i=l / i=M 
l®2M-1 



Using this, we may write 

1-^(1) = 1-^(1) + *>(!) (l~E/< 



Since .A has strict comparison and d T (6) < §fj f° r an r £ ^X^)) we have that b® 2M ^ a 
which proves our claim. 

The final condition we need on ijj is that IKV^aO,?/]!! < e for all normalized x £ M n and 
for all y £ K. This follows immediately from our construction. 

We now continue as in the proof of Lemma [5 .51 and use projectivity of order zero maps 
to lift %j) to a sequence of c.p.c. order zero maps from M n into A. Going far enough along 
this sequence we obtain the map ip which we need. □ 

Combining this with Theorem 14.11 we obtain the following. 

Theorem 6.7. Let Abe a simple, separable, unital, tracially Z-absorbing C* -algebra and 
let a £ Aut(_4) be an automorphism with the generalized tracial Rokhlin property. If a m 
acts trivially on T(A) for some m then A x a Z is also tracially Z-absorbing. 

Remark 6.8. The hypothesis that a m acts trivially on T(A) for some m is satisfied 
automatically in many cases, for instance if some power of a is approximately inner, or 
if T{A) has finitely many extreme points. We suspect that this condition can be relaxed. 

Example 6.9. It is shown in [22 j that the bilateral tensor shift automorphism a on 
Z®°° = Z satisfies what is there defined as the weak Rokhlin property. Since Z has strict 
comparison, this implies that a the generalized tracial Rokhlin property. Since Z has 
unique trace this shows that a satisfies the conditions of Theorem 16.71 
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